ABSTRACT. Here we have studied the ideas of g * -closed sets, g∧ τ -sets and λ * -closed sets and investigate some of their properties in the spaces of A. D. Alexandroff [1] . We have also studied few separation axioms like T ω 
Introduction
Topological spaces have been generalised in many ways. A. D. Alexandroff (1940) weakened the union requirements where only countable union of open sets were taken to be open.
The idea of generalised closed sets in a topological space was given by Levine [8] . Later many works on generalised closed sets have been done [2] , [3] , [5] , [6] etc. In 2003, P. Das et al obtained a generalisation of closed sets in Alexandroff spaces which was called g * -closed sets. They investigated various properties on g * -closed sets and also introduced a new separation axiom namely T w axiom in Alexandroff spaces exactly in the same way as Levine [8] defined T1 2 -spaces in topological spaces. Recently M. S. Sarsak [10] studied the same in a generalised topological space where a generalised topology µ on a nonempty set X is a collection of subsets of X such that ∅ ∈ µ and µ is closed under arbitrary unions. Here we have studied the idea of generalised closed sets namely the g * -closed sets in Alexandroff spaces. We have investigated few more properties of g * -closed sets which were not studied in [5] . Also we have obtained few separation axioms like T ω 1 AND JAGANNATH PAL 2 Clearly an open set is g * -open set. But the converse may not be true as shown in the following example.
Example 3.12: Let X = R − Q, τ = {X, ∅, G i }, Where G i be the all countable subsets in X. Thus (X, τ ) is a space but not a topological space. Let B be the set of all positive irrational numbers. Then B is g * -closed, since X is the only open and closed set containing B. Then X − B is g * -open but is not an open set. 
Definition 3.15 (cf. Definition 2.11 [10] ) : A set A is called a generalised ∧ τ -set denoted as g∧ τ -set if A ∧ τ ⊂ F whenever F ⊃ A and F is closed. A set A is called a generalised ∨ τ -set denoted as g∨ τ -set if X − A is g∧ τ -set.
Theorem 3.16:
A set A is a g∨ τ -set if and only if A ∨ τ ⊃ U whenever A ⊃ U and U is open. The proof is simple and so is omitted.
Clearly if A is a ∧ τ -set then A is g∧ τ -set. But the converse is not always true as shown in the following example. Example 3.17: Let X = R, G i be the all countable subsets of irrationals in R and τ = {X, ∅, G i }. Therefore (X, τ ) is a space but not a topological space. Suppose A = R − Q. Therefore A ∧ τ = X and A = X. Therefore A is g∧ τ -set, since the only closed set containing A is X. But A = R − Q = X = A ∧ τ . This implies that A is not ∧ τ -set.
Lemma 3.18 : Let A, B be subsets of X. Then the following hold:
Theorem 3.19 : Arbitrary union of ∨ τ -sets is a ∨ τ -set.
Proof. Suppose that A i 's are ∨ τ -sets, i ∈ I where i is an index set and A = ∪{A i : i ∈ I}.
τ for all i ∈ I and so ∪{Ai
Corollary 3.20 : Arbitrary intersection of ∧ τ -sets is a ∧ τ -set.
Proof. Let {B i : i ∈ Λ} be any collection of ∧ τ -sets and let B = ∩ i∈Λ B i . Then X − B = X − ∩ i∈Λ B i = ∪ i∈Λ (X − B i ). Since each X − B i is ∨ τ -sets, by Theorem 3.19 X − B is ∨ τ -sets and so B is ∧ τ -set.
Theorem 3.21 : Intersection of two ∨ τ -sets is a ∨ τ -set.
Proof. Let A, B be two 
Theorem 3.24 : If
Proof. Let A ⊂ X and A ∧ τ be g * -closed. Then by Remark 3.23(i), there exists a closed set Lemma 3.18 (3) . So by Remark 3.23(i), A is g * -closed.
Corollary 3.25 : If
But the converse of the above theorem and corollary may not be true in a space as shown in the following example. Example 3.26 : Suppose that X = R − Q, G i 's are the countable subsets of X, each contains √ 2, and τ = {X, ∅, G i , A i } where A i 's are the cocountable subsets of X each contains √ 2. Then (X, τ ) is a space but not a topological space. Let A be a countable infinite subset of X excluding √ 2. Then A is a closed set and so A is g
Lemma 3.27 : If A, B are two subsets of X, then (A ∪ B)
The proof is straightforward by Lemma 3.27 and so is omitted. But arbitrary union of ∧ τ -sets is not always a ∧ τ -set as can be seen from the example given below. 
Theorem 3.30 : Union of two g∧ τ -sets is g∧ τ -set.
Proof. Suppose A, B be two g∧ τ -sets of X, then
Corollary 3.31: Intersection of two g∨ τ -sets is g∨ τ -set.
Proof. Let A, B be two g∨ τ -sets. Therefore (X − A) and (X − B) are two g∧ τ -sets. Then by Theorem 3.30,
But union of two g∨ τ -sets is not always g∨ τ -set as shown by the example given below.
Example 3.32 :
The only open set contained in B is the set ∅ and
Similarly, intersection of two g∧ τ -sets is not always a g∧ τ -set as revealed by the undernoted example. Now X −A and X −B are g∧ τ -sets. So (X −A) ∩(X −B) = X −(A∪B) is not a g∧ τ -set.
Remark 3.34 : Clearly if A is ∨ τ -set , then A is g∨ τ -set. But the converse is not necessarily true as shown in the following example. Example 3.35 : Let X = R, G i 's be the countable subsets of irrationals in R and let τ = {X, ∅, G i }. Then (X, τ ) is a space but not a topological space. Suppose A = Q. Then (X − A) ∧ τ = X and X − A = X. Therefore X − A is a g∧ τ -set, since the only closed set
Theorem 3.36 : For each x ∈ X, {x} is either open or a g∨ τ -set. The proof is straightforward and so is omitted. Note 3.37 : In view of above theorem it follows that for any x ∈ X, either {x} is g * -open or {x} is g∨ τ -set.
Theorem 3.38 : Let
A be a g∨ τ -set in a space (X, τ ). If A ∨ τ ∪ (X − A) ⊂ F, F is closed, then F = X. Proof. Let A be a g∨ τ -set in a space (X, τ ). Then U ⊂ A ∨ τ whenever U ⊂ A and U is open. Let F be a closed set such that A ∨ τ ∪(X −A) ⊂ F . This implies F c ⊂ (A ∨ τ ∪A c ) c = (A ∨ τ ) c ∩A i.e. X − F ⊂ (X − A ∨ τ ) ∩ A......(1). Therefore X − F ⊂ A. Since X − F is open and A is g∨ τ -set, then X − F ⊂ A ∨ τ . From (1) we have X − F ⊂ X − A ∨ τ = (A ∨ τ ) c . Therefore X − F ⊂ A ∨ τ ∩ (A ∨ τ ) c = ∅ which implies X = F .
Corollary 3.39 : Let
Proof. Let A be a g∨ τ -set in a space (X, τ ) and let
Conversely, Let A be a g∨ τ -set and also 4. T ω -Space Definition 4.1 [5] : A space (X, τ ) is said to be T ω -space if every g * -closed set is closed.
In Theorem 16 [5] , it is shown that every T ω -space is T 0 -space. But the converse is not true as shown in the Example 6 [5] . Also, in Examples 6 and 7 [5] it has been shown that T ω and T 1 axioms in a space are independent of each other.
Definition 4.2 [5]) : For any
We consider the following sets which will be used frequently in the sequel: 
Theorem 4.4 :
The following are equivalent:
(2) Every g∧ τ -set is ∧ τ -set and C = C * . (3) Every g∨ τ -set is ∨ τ -set and C = C * .
Proof.
(1) ⇒ (2): Let (X, τ ) be T ω -space and let A be a g∧ τ -set . We wish to prove A ⊃ A 
(2) ⇒ (1) : Let x ∈ X and C = C * . We will prove {x} is either open or closed. If {x} is not open, X − {x} is not closed. So X is the only closed set containing X − {x}. Also (X − {x}) Clearly every ∧ τ -set is λ * -closed and closed set is λ * -closed. But the converse may not be true as shown in the following example.
Example 5.2 :
Let X = R − Q, τ = {X, ∅, G i }, where G i be the all countable subsets of X. So (X, τ ) is a space but not a topological space. Let A be the set of all irrational numbers in (0, ∞). Then clearly A is g * -closed but A is not closed. Now
Lemma 5.3 : For a subset A of a space (X, τ ) the following are equivalent:
Converse part directly follows from definition.
Theorem 5.4 : If A is λ
* -closed and g∧ τ -set such that A is closed, then A is a ∧ τ -set.
Proof. Suppose that A is λ * -closed and g∧ τ -set such that A is closed. Since A contains A and A is g∧ τ -set, then
Remark 5.5 : From Lemma 5.3 (iv) we can say that a subset A is said to be λ * closed if A can be expressed as the intersection of all open sets and all closed sets containing it.
In view of above remark 5.5 and by Theorem 18 [5] we have the following theorem 5.6. However we are also giving a separate proof of the Theorem 5.6. Theorem 5.6 : A space (X, τ ) is T ω if and only if every subset of (X, τ ) is λ * -closed and C = C * .
Proof. Suppose every subset of (X, τ ) is λ * -closed and C = C * and x ∈ X. We shall show that {x} is either open or closed. Suppose {x} is not open, then X − {x} is not closed. Since X − {x} is also a λ * -closed set then X − {x} = (X − {x})
is an open set which implies {x} is closed. Then by Theorem 4.3, (X, τ ) is T ω -space.
Conversely, suppose that (X, τ ) is T ω -space and A ⊂ X. Then by Theorem 4.3, every singleton is either open or closed and C = C * . So each x ∈ X − A, either {x} ∈ τ or (X − {x}) ∈ τ . Let A 1 = {x :
Remark 5.7 :
It is already seen that if a subset A is closed then A is g * -closed and λ * -closed. But the converse of this result may not hold in a space as seen in Example 5.2, although it is true in a generalised topological space [10] . However, it is true in a space if the additional condition that C = C * holds which is shown in the following Theorem 5.8.
Theorem 5.8 :
If A is g * -closed and λ * -closed and satisfies the condition C = C * , then A is a closed set.
Proof. Suppose A is g * -closed and λ * -closed satisfying the condition C = C * . Since A is g * -closed, there is a closed set F containing A such that
Since C = C * , (X − A) ∈ C which implies that A is closed. Therefore, by (1), A is a closed set. 
Remark 5.11 : It is shown in [5] that in a bicompact space (Alexandroff space), g * -closed sets may not be bicompact and likewise, λ * -closed sets in a bicompact space may not be bicompact as shown in the following example.
Example 5.12 : Let X = R − Q, where G i be the all countable subsets of X − { √ 2}, A i be the all cofinite subsets of X and τ = {X, ∅, G i , A i }. Then (X, τ ) is a space but not a topological space. Clearly (X, τ ) is a bicompact space. Suppose A is the set of all irrationals in (0, 1). Then there is no open set of G i type containing A and so A ∧ τ = ∩{X − {α} : α ∈ X − A} = A. Therefore A is a ∧ τ -set which implies A is a λ * -closed set. But A is not bicompact since {{r} : r ∈ A} forms an open cover for A which has no finite subcover. 
where L is a ∧ τ -set and F ⊂ X. Therefore X − L ⊂ A and X − F ⊂ A. So by Theorem 2.8, 
where M c is a ∧ τ -set and (Int(V )) 
* -open, by Theorem 5.14.
In [10] it is seen that the collection of all λ µ -open sets forms a generalised topology µ on X, but unlikely the collecion of λ * -open sets does not form a space structure σ on X as shown in the following example. -space if for every finite subset P of X and for every y ∈ X − P , there exists a set A y containing P and disjoint from {y} such that A y is either open or closed. Proof. Suppose (X, τ ) is T ω
4
-space and P is a finite subset of X. So for every y ∈ X − P there is a set A y containing P and disjoint from {y} such that A y is either open or closed. Let L be the intersection of all open sets A y and F be the intersection of all closed sets A y . 1 
Conversely, let P be a finite set. So by the condition it is λ * -closed. Then by Lemma 5.3(iii) P = L ∩ P , where L is a ∧ τ -set. Let y ∈ X − P . If y ∈ P then there exists a closed set F = A y containing P such that {y} ⊂ A y . Again if y ∈ P − P , then y ∈ L and so Proof. Let the space (X, τ ) be T 0 and x ∈ X. Take a point y ∈ X − {x}. So there exists a set A y containing {x} but y ∈ A y such that A y is either open or closed. Let L and F be the intersection of all such open sets A y and all such closed sets A y respectively. Then
This implies that {x} is a λ * -closed set by definition.
Conversely, let x ∈ X. So {x} is λ * -closed. Then {x} = {x} Consider the space (X, τ ), the subsets A, B, C as in the Example 5.10 where we see that every singleton in X is λ * -closed. For, let r ∈ X, r = √ 2,
So {r} is λ * -closed. Therefore the space (X, τ ) is T 0 -space. But it is proved there that the finite subset C is not a λ * -closed set. So by Theorem 6.3, (X, τ ) is not T ω
-space. Definition 6.6 : A space(X, τ ) is called T3ω 8 -space if for every countable subset P of X and for every y ∈ X − P , there exists a set A y containing P and disjoint from {y} suh that A y is either open or closed. -space which is not T ω -space. Let X = R − Q, τ = {X, ∅, G i }, where G i be the all countable subsets of X. Then (X, τ ) is a space but not a topological space. We see that the space (X, τ ) is T5ω 8 -space, since any finite set, countable set and any uncountably infinite set are also λ * -closed sets. But the set of all irrationals in (0, 1) is g * -closed but not closed which implies the space is not T ω -space. Suppose that X = R − Q and X * = {2} ∪ X. Let τ = {∅, X * , {2} ∪ (X − A); A ⊂ X} where A's are the finite subsets of X. Therefore (X * , τ ) is a topological space so a space also. Take any finite subset E ⊂ X * , we get the following observations: (i) if 2 ∈ E, E ∧ τ = ∩{(X − {α}) ∪ {2}, α ∈ X − E} = {2} ∪ E = E which implies that E is a ∧ τ -set. Therefore E is a λ * -closed set . (ii) if 2 ∈ E, E is a closed set which implies that E is λ * -closed. So (X * , τ ) is a T ω
-space. Now suppose that Y is a countably infinite subset of X, so 2 ∈ Y . Here closed sets are finite. Therefore Y = X * and Y Proof. Let (X, τ ) be a T 1 -space. Obviously then it is T 0 . Let A ⊂ X, A be open, x ∈ A. Since the space is T 1 , for x, y ∈ X and x = y there are open sets U, V such that x ∈ U and y ∈ U and y ∈ V and x ∈ V . Hence y cannot be an accumulation point of {x}. Therefore no point lying outside {x} can be an accumulation point of {x}, so {x} ′ ⊂ {x}. Hence {x} = {x} ⊂ A. So (X, τ ) is R 0 -space.
Conversely, let (X, τ ) be T 0 and R 0 . So for x, y ∈ X and x = y, either x ∈ {y} or y ∈ {x}. Suppose that x ∈ {y}. Then there exists a closed set F containing y such that x ∈ F . Therefore x ∈ X − F , an open set and y ∈ X − F . Since the space is also R 0 , {x} ⊂ X − F . So {x} ∩ F = ∅ which implies that {x} ∩ {y} = ∅. Hence y ∈ {x} and so y is not a limiting point of {x}. Therefore there exists an open set V containing y such that x ∈ V . Since x, y ∈ X and x = y, we get two open sets X − F and V containing x, y respectively and y ∈ X − F and x ∈ V . Thus (X, τ ) is T 1 -space.
